In this article, the angular correlated configuration interaction method previously introduced by some of the authors is extended to three-body atomic systems with general masses. A recently proposed angularly correlated basis set is used to construct ground state wave functions which: (i) satisfy exactly Kato cusp conditions at the two-body coalescence points; (ii) have only linear coefficients; and (iii) show a fast convergency rate for the energy. The efficiency of the construction is illustrated by the study of the negatively charged hydrogen-like systems ( , and e Ϫ Ϫ 6 Li ϩ3 ). The ground state energies and other mean values are compared with those given in the literature, when available. Wave functions with a moderate number of (20 maximum) linear coefficients are given explicitly; they are sufficiently simple and accurate to be used in practical calculations of atomic collision in which multidimensional integrations are involved.
ABSTRACT:
In this article, the angular correlated configuration interaction method previously introduced by some of the authors is extended to three-body atomic systems with general masses. A recently proposed angularly correlated basis set is used to construct ground state wave functions which: (i) satisfy exactly Kato cusp conditions at the two-body coalescence points; (ii) have only linear coefficients; and (iii) show a fast convergency rate for the energy. The efficiency of the construction is illustrated by the study of the negatively charged hydrogen-like systems ( ϱ H , and e Ϫ Ϫ 6 Li ϩ3 ). The ground state energies and other mean values are compared with those given in the literature, when available. Wave functions with a moderate number of (20 maximum) linear coefficients are given explicitly; they are sufficiently simple and accurate to be used in practical calculations of atomic collision in which multidimensional integrations are involved.
Introduction
T he three-body problem plays a fundamental role in atomic physics. From a theoretical point of view, it is very important because it presents most of the properties of the many-body problem. For bound states of three-body atomic systems, and in particular for helium, many trial wave functions have been proposed and optimized to obtain the best ground state energy. They all are not of the same quality and can be grouped in at least three different groups. Highly sophisticated wave functions, built with a large number of basis functions, lead to very accurate energies (see, e.g., [1] [2] [3] [4] [5] [6] [7] [8] [9] ). A second, analytical, group includes rather simple wave functions possessing some of the correct functional properties (see, e.g., [10 -15] ). A third category, deals with wave functions (typically Hylleraas-type) and energies of quality, which are intermediate between the two already mentioned (see, e.g., [16 -18] ). All these trial wave functions have separate, and possibly complementary, purposes: obtain very accurate mean quantities (including the energy), search for a solution as formal as possible, or useful for applications such as collision studies. For the latter, it is useful to remind that the evaluation of fully differential cross sections for processes such as double ionization by electron [19 -22] or photon [23, 24] impact involve large dimensional numerical integrations; this is even more true if one considers the second Born approximation [20, 25, 26] or the evaluation of less differential cross sections through further quadratures. The use of bound wave functions with a very large number of terms (first group) can be prohibitive, even with modern computer facilities [23] . It is then not surprising that only simple or intermediate trial wave functions have been employed so far in all such collision calculations. Another reason for this may be related to the practical fact that simpler functions can be easily tabulated and shared by a wider community. This, for example, possibly explains the popularity of Hylleraas-type wave functions, such as that of Kinoshita [16] or simpler versions [17, 27] , among the collision community.
Another important issue concerning trial wave functions is their formal structure. In particular, the behavior close to the singular points plays an essential role, for example, in photo-double ionization for which the cusp conditions have fundamental importance at high energy regimes. Indeed, the use of wave functions, which do not satisfy the cusp conditions, leads to errors in the cross sections, see e.g. [28] and references therein. In other processes, like the double ionization of helium by electron impact [29, 30] , this issue has been recently under scrutiny. It is now clear now that, in this case, the cusp conditions are not at all determinant as discussed in, e.g., [30] ; however, this conclusion could only be reached through the use of intermediate quality wave functions, with relatively few parameters, and satisfying exactly the cusp conditions. Trial wave functions usually satisfy the so-called Kato cusp conditions [31] in an approximate way; the functions of the first group usually contain so many terms that the conditions are satisfied quite accurately but not exactly. An alternative approach is to build the trial wave functions with intrinsically the correct behavior, for example, by choosing appropriate basis functions. This is one of the issues addressed in this report.
In the last 3 years, we have worked on the construction of trial wave functions of intermediate quality [32] [33] [34] [35] , in particular, for two-electron atoms. The idea is to provide to the atomic collision community, explicit wave functions (including the parameters and normalization constant), which can be easily used in various cross sections calculations. This article has two main objectives: (i) the extension of the angular correlated configuration interaction (ACCI) method introduced in [32, 33, 35] , in combination with the basis functions recently proposed in [35] , to more general atomic systems including those with a finite nuclear mass and light particles of different masses (electrons or muons); and (ii) the construction, for this type of atomic three-body systems, of highly correlated wave functions which satisfy exactly the two-body cusp conditions and are as accurate as the traditional Hylleraas wave functions available in the literature for two-electron systems with infinite nuclear mass.
For some collision calculations (for example the calculation within the second Born approximation of double ionization cross sections), a complete set of wave functions is necessary. This article shall deal with the ground state only, but the method can be successfully used to generate excited states. An orthogonal set of S ground and excited states was presented in [36] .
The method is based on a decomposition of the three-body wave function in a sum of doubly correlated configurations. Each configuration, noted , is formed by the product of atomic functions multiplied by a distortion factor, noted , which de-pends explicitly on the inter-electronic coordinate. The functions solve part of the three-body hamiltonian, diagonalizing the electron-nucleus Coulomb interactions and partially the electron-electron interaction. The second ingredient on the construction of the ACCI method consists in including a factor ⍀ in the wave function that solves the nondiagonal terms of the kinetic energy not solved by the first factor . In the original proposal [32, 33] , the distortion factor did not fully diagonalize the electron-electron interaction. On the other hand, in connection with collisional studies, Gasaneo and Ancarani [35] introduced a C3-like basis set for two-electron atomic systems, which fully diagonalizes all the Coulomb interactions. A simplified version of the ACCI method was then used by the authors to define the double bound counterpart of the approximated double continuum wave function known as C3 (or BBK in the electron-atom collision community) [37] . Applications of both approaches to the helium isoelectronic sequence in the infinite mass approximation were presented in Refs. [32, 33, 35] .
The efficiency of our ACCI method will be illustrated by considering the following two-electron and electron-muon three-body atomic systems: negatively charged hydrogen-like systems ). The calculated energies, with only a moderate number of linear parameters, are of intermediate quality; they lie in between the highly accurate ones presented for example by Frolov (see e.g., [5] ) and those obtained with simple wave functions (see e.g., [15] ). Our method generates wave functions which (i) are sufficiently simple and accurate to be used in practical atomic collision calculation; and (ii) by construction, satisfy exactly Kato cusp conditions [31] . Wave functions with these characteristics, and in tabulated form, are presently not available in the literature, in particular for the electron-muon systems considered.
Our work is organized as follows: in Section 2, we redefine the ACCI method with the new basis set and extend it to atomic systems with general masses. In Section 3, we present our results for the systems mentioned above: wave functions are given explicitly, and the energies and mean values of others radial physical quantities are compared to "exact" reference values, when available. We also study the stability and the threshold properties of some of the systems. Finally, a summary and some concluding remarks are given in Section 4.
Hartree atomic units (ប ϭ m e ϭ e ϭ 1) are used throughout this article.
Method
Consider atomic systems composed of three-particles with charges z 1 Ͻ 0, z 2 Ͻ 0, z 3 Ͼ 0, and respective masses m 1 , m 2 , m 3 ; we shall note these three-body systems by m 1 z1 m 2 z2 m 3 z3 , with the charges z i as superscripts. Let ij ϭ m i m j /m i ϩ m j ͑i j͒ be the reduced masses. We shall designate as particle 3 the heaviest particle, that is, the nucleus of mass m 3 and charge z 3 ϭ Z, and the two lighter particles, labeled 1 and 2, with masses m 1 , m 2 , and charges z 1 ϭ z 2 ϭ Ϫ1. The vectors r 13 and r 23 
where the nonrelativistic Hamiltonian H is given by
Here, D 0 and D 1 are the operators with ni ͑r jk ͒, for (i ϭ 1, 2, and i j, k), are normalized hydrogenic functions with principal quantum numbers n 1 and n 2 , and zero angular momenta (l 1 ϭ l 2 ϭ 0). The distortion factor C3 ͑n 3 , 12 ,r 12 ͒ ϭ 1 F 1 ͓ Ϫ n 3 , 2, Ϫ 2z 1 z 2 12 /n 3 r 12 ͔ is the confluent hypergeometric function [38] which reduces to Laguerre polynomials; for a given value of n 3 , it is a parameter-free factor which results from the double analytic continuation [34, 35] of an approximated solution for the double continuum wave function known as C3 [37] (also called 3C or BBK model). By construction, the basis functions n1,n2,n3 (r 13 , r 23 , r 12 ) satisfy the Kato cusp conditions.
Here, we combine this basis set with the ACCI method introduced in [32, 33, 35] . To find approximated solutions to the Eq. (1), we thus use linear combinations of the following functions: ͑Ni,Nj,Nk͒ extra correlation in addition to the already included in the basis functions n1,n2,n3 .
The ACCI method suggests, as an approximated solution of the Schrö dinger Eq. (1), a linear combination of the functions (7),
͑Ni,Nj,Nk͒ ͑r 13 ,r 23 ,r 12 ͒,
where N is the overall normalization factor. The subscript C3-M recalls the C3-like basis functions originating from the C3 double continuum, and indicates the total number M of linear coefficients. Two main differences between the ACCI and the traditional configuration interaction (CI) approach (see e.g., [39] ) should be underlined. The first one is that the ACCI includes explicitly angular correlation through the introduction of the r 12 coordinate in each configuration n1,n2,n3 . The second one is associated to the presence of the multiplying functions ⍀ n1,n2,n3 ͑Ni,Nj,Nk͒ which add both radial and angular correlation. The overall amount of correlation included is dictated by the number M of linear coefficients c ijk n1n2n3 . The ACCI method thus ensures a rather fast convergency rate for the energy and other relevant physical quantities, as will be illustrated in the next section.
With the proposal (9) for the wave function, the Schrö dinger Eq. (1) can be transformed into a generalized eigenvalue problem [40] : , as indeed any other containing products of power and exponential functions [41] , allow to express in closed form all the elements of the overlap Ŝ and Hamiltonian Ĥ matrices. Indeed, they are obtained from one basic integral:
which can be expressed in closed form [42] as (12) where 
In our particular case, the exponential depending on the r 12 coordinate does not appear, and the parameter C is zero. Before presenting our results, we would like to mention that in the papers [32, 33] a different basis set (named GR) was used. It differs from the present one by the use of another distortion factor, GR (r 12 ). The latter depends on a nonlinear parameter ␤, and is not the exact solution of a Coulomblike problem as it is the case with the C3 factor in (6) . Although the efficiency of the GR basis used in Refs. [32, 33] is good, it introduces the numerical difficulty that the generalized eigenvalue problem (10) has to be solved many times to optimize the value of ␤. Compared to the GR basis, the C3 basis set functions (6) offer an additional advantage. For a fixed number of terms of the function ⍀ n1,n2,n3 ͑Ni,Nj,Nk͒ the correlation factor C3 (n 3 , 12 , r 12 ) allows for the inclusion into the trial wave function ⌿ C3ϪM of different amounts of angular correlation; this is not possible with the GR (r 12 ) of the GR basis set. For example, the ground state energies of the ϱ He atom obtained with both basis and using the same powers in ⍀ are: E ⌿GR5 ϭ Ϫ 2.90286 and E ⌿C3-10 ϭ Ϫ 2.90307 a.u. (the C3-10 result is obtained with n 1 ϭ n 2 ϭ 1 and n 3 ϭ 1, 2, thus M ϭ 10). A similar analysis performed with more accurate functions like ⌿ GR9 and ⌿ C3Ϫ18 (see section III), for ϱ He and ϱ H Ϫ , leads to the following mean energies Ϫ2.90327 a.u. [33] and Ϫ2.90344 a.u., and Ϫ0.526529 a.u. [33] and Ϫ0.52734 a.u., respectively. The results obtained with the ⌿ C3ϪM wave functions not only show better accuracies but also require only one diagonalization process, while the use of the GR basis requires many to minimize the ␤ parameter. A similar conclusion can be reached by comparing our method with other variational procedures. For example, Harris and Smith [27] presented very accurate ground state wave functions using a reduced number (four) of configurations. Only 12 nonlinear parameters were used but, as stated by the authors, their optimization is a demanding numerical task. Because our method involves only linear parameters, more configurations are needed to reach similar level of accuracy. However, two advantages appear in our method: (i) the optimization of the parameters is direct and straightforward; and (ii) the same optimization also leads to a set of accurate excited states.
Results
Let us now illustrate the ACCI method presented above with negatively charged hydrogen-like ions (Z ϭ 1), neutral helium-like (Z ϭ 2) atoms, and positively charged lithium-like ions (Z ϭ 3). As only the ground states are considered here, the principal quantum numbers n 1 and n 2 are both set equal to one when building the wave functions (9) . Remains the choice of N i , N j , N k , and n 3 . To keep the approximated functions reasonably simple, and at the same time sufficiently accurate, we decided to perform all our calculations with n 3 up to 2.
To show the dependency on the total number M of linear parameters, we have considered several approximated wave functions ⌿ C3ϪM , with M ϭ 14, 18, 20, and 30. They are all subcases of the following general formula: 
where C3 (1, 12 , r 12 ) ϭ 1 ϩ r 12 /2 and C3 (2, 12 , r 12 ) ϭ 1 ϩ r 12 /2 ϩ r 12 2 /24. It should be noted that when the two light particles are identical, the coefficients must satisfy the following symmetry relation c ijk n1n2n3 ϭ c jik n1n2n3 , so that the number of coefficients is reduced.
The mean energy is a very important quality test of any trial wave function. However, the expectation values of other physical quantities allow one to test the wave function with a particular emphasis on a given portion of the configuration space. The mean values of several radial quantities, strongly dependent on the shape of the wave functions, are involved in various calculations of physical quantities such as dipole polarizabilities or magnetic susceptibilities.
For all systems considered, we shall provide, in tabular form, the linear coefficients c ijk n1n2n3 and the normalization constant N of a few selected C3ϪM with a moderate M. We shall then give the calculated mean value of the ground state energy and Ͻ r ij p Ͼ with (p ϭ Ϫ1, 1, 2) (i, j ϭ 1, 2, 3 [45] , m 3 ϭ 10961.8968 m e for 6 Li ϩ3 and m 3 ϭ 12786.3927 m e for 7 Li ϩ3 .
THE NEGATIVE IONS
ؕ H ؊ , 1 H ؊ , D ؊ , T ؊
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؊
Let us start with the negatively charged hydrogen-like three-body systems made of two electrons and a third heavier particle with charge Z ϭ 1: the ions
For these ions, we present, in Table I , the normalization constant and the linear coefficients corresponding to the functions C3Ϫ18 . In Table II , the ground state energies and the mean of radial quantities obtained with C3Ϫ14 and, C3Ϫ18 are compared with the numerically "exact" values of Ref [5] . The mean energy obtained with C3Ϫ18 for Mu Ϫ has a relative accuracy of 7.8 ϫ 10
Ϫ4 ; similar accuracies are obtained for all the other systems considered in the table. This is a quite good result in view of the relatively small number of terms used.
Wave functions for these ions have been proposed by Flores-Rivero and Rivas-Silva [46] . They compared their Eckart-Gaussian wave functions with 4-and 10-term Hylleraas functions, denoted S4 and S10 . The S10 trial wave function gives a mean energy of Ϫ0.526701 a.u. for D Ϫ and Ϫ0.526751 a.u. for T Ϫ . It should be mentioned that, contrary to ours, these trial wave functions do not satisfy Kato cusp conditions. Moreover, the authors do not give the values of the nonlinear parameters of the wave functions. In fact, to the best of our knowledge, there are no reports in the literature presenting the complete wave functions (including the values of the parameters) for all these systems. For the helium atom and its isoelectronic series with infinite mass, on the other hand, details of the wave functions are often provided. For example, in case of the ϱ H Ϫ ion, Harris and Smith [27] have recently proposed a wave function yielding an energy of Ϫ0.5277131 a.u. and provide the twelve nonlinear parameters involved.
As we already mentioned, systematic improvement of our approximated wave functions, without breaking the cusp conditions, can be achieved by including (i) more configurations, through an increase of n 3 values, or (ii) more terms in the polynomial ⍀. A greater number of linear coefficients is then needed, and tables of reasonable size difficult 14 and n 3 up to 2 is Ϫ0.526438 a.u.; if n 3 is taken up to 3 (which implies M ϭ 27) the energy improves to Ϫ0.526666 a.u. On the other hand, when increasing the number of terms in ⍀, for example going from 14 to 18 linear coefficients, an important improvement of the energies is noticed in Table II . , and similar accuracies are obtained when finite nuclear masses are taken. Note that, in contrast to the previous threebody systems, the means involving r 13 and r 23 are not equal because particles 1 and 2 are now different.
NEUTRAL HELIUM-LIKE SYSTEMS
Here, we should underline that the ground state energies, which are essentially proportional to m 2 ϭ m , are of about four hundred atomic units. The apparently excellent agreement between the energy values should thus be taken with care, as one should look at the relative agreement. .
POSITIVELY CHARGED LITHIUM IONS-LIKE SYSTEMS
TABLE I ______________________________________________________________________________________________
The linear coefficients c ijk n1n2n3 (rounded off to the seventh digit) and of the normalization constants N of the ⌿ C3؊18 approximated wave functions for the ground state of several negatively charged hydrogen-like three-body systems. Table X .
When compared to the "exact" reference value, the mean energy obtained with C3-20 for e Ϫ Ϫ6 Li ϩ3 has a relative accuracy of 9.8 ϫ 10
Ϫ8
, and similar accuracies are obtained for finite nuclear masses are considered. Note that, for these systems, to allow for a direct numerical comparison with the reference energy values given by Frolov [45] , we have taken the muon mass as 206.7682838 m e .
For all systems, more accurate wave functions can be easily constructed by increasing the number of terms in ⍀ n1,n2,n3 ͑Ni,Nj,Nk͒ ͑r 13 ,r 23 ,r 12 ͒ and/or including other configurations (n 1 n 2 n 3 ) as done in Ref [35] . However, as mentioned in the Introduction, the aim was to provide the details of the wave functions and have therefore kept the number of coefficients reasonably moderate.
Other systems with larger values of Z can be equally considered. The relatively less important role played by the electron-electron correlation gives then even better energy agreement with "exact" values (not shown).
MINIMUM VALUE OF THE CHARGE REQUIRED TO BIND TWO ELECTRONS
To study the stability of these three-body sys- If m 1 denotes the lightest particle, the stability condition reads
We have already mentioned that all the considered systems in section 3.1, with Z ϭ 1 have only one bound state, the ground state. It is also well known that when the value of Z is decreased, there appears a minimum value, the critical charge (Z th Ͻ 1), below which the double bound state does not exist, as it becomes a continuum state [47] . In the case of two electrons, the critical charge is the minimum nuclear charge value which allows to bind two electrons. This threshold value is obtained as the zero of the following function [48] :
which results from the stability condition (15) .
The calculated values of the threshold charge, Z th , and the corresponding threshold energy E th , obtained with a C3-18 wave function are listed in Table XI [49] , and are closer to the upper bounds. Note that, for the hydrogenic ion our Z th value is only 0.5% off the value Z th ϭ 0.911029 found in [50] with a 30 basis exponential functions but with 90 nonlinear parameters. In contrast, our result is obtained with a wave function containing only 18 linear coefficients. It is interesting to investigate also the three-body systems, e Ϫ Ϫ ϱ z3 , and to find the minimal charge z 3 to bind an electron and a muon. In this case, the critical (or threshold) charge Z th corresponding to a stable system is Z th Ӎ 1.11 (see Table XI ). According to our calculations, an infinitely heavy nucleus (and similarly for finite masses such as those of a proton, a deuteron or a tritium) can not bind a muon and an electron; these three-body systems can not be found forming a stable bound state in nature. This is an example of an unstable ion with a unit nuclear charge. This explains why we were able to present results for helium-(Z ϭ 2) and lithium-like (Z ϭ 3) systems with a muon replacing an electron, but not for hydrogen-like (Z ϭ 1).
Summary and Concluding Remarks
In this article, we have generalized the C3-like basis set [35] to three-body atomic systems with general masses, and have used the basis functions to extend the angular correlated configuration-interaction method presented in [32, 33] . The C3-like basis functions are defined as being exact solution of a general three-body Coulomb problem where the nondiagonal terms of the kinetic energy are neglected; hence, the functions naturally satisfy the cusp conditions at the two-body singularities. They are defined as a product of two-body Coulomb wave functions multiplied by a Coulomb distortion factor, being in that way the counterpart of the C3 approach used for scattering problems. This distortion factor, which depends on the inter-electronic coordinates, already includes angular correlation in the configuration basis functions [34, 35] . A configuration interaction scheme can then be constructed with these correlated basis elements as done in Ref [35] . However, the convergence rate of the energy and wave functions obtained can be considerably increased by multiplying the basis functions by an additional correlation factor ⍀ which adds radial and angular correlation to each configuration. Two advantages of the C3-like basis set should be mentioned: all the parameters included in the wave functions are linear, thus a single diagonalization gives both energies and eigenvectors. Second, the basis set diagonalizes all the Coulomb interactions and part of the kinetic energy, leading to analytic closed form expressions for the nondiagonalized terms. The efficiency of the method has been illustrated by considering the ground state of hydrogen-, helium-, and lithium-like three-body systems, in which the nuclear mass can be finite and the two light particles can be equal (two electrons) or different (one electron and one muon). Ground state energies and other mean values for different relevant physical magnitudes were compared to reference values, when available; good agreement is found for all cases. Accurate wave functions, satisfying the two-body Kato cusp conditions, and with a moderate number (maximum 20) of linear coefficients were used, and coefficients and normalization constant tabulated. This has been done with the purpose to provide, for example, to the collisional community, wave functions as accurate as the traditional Hylleraas wave function available in the literature for two-electron systems with infinite nuclear mass. To the best of our knowledge, for all other three-body systems investigated here, no functions (as accurate and simple as those presented here), have been explicitly given in the literature.
A study of the stability of some of these threebody systems was also performed, by providing the critical charge to bind two electrons, or an electron and a muon.
The method presented here can be easily extended to excited states. An orthogonal set of S ground and excited states was presented in [36] . The extension to L Ͼ 0 states is part of these inves- 12 ). This is also being studied by some of the authors.
